In this article, we study the existence and uniqueness of solutions for multi-strip fractional q-integral boundary value problems of nonlinear fractional q-difference equations. By using the Banach contraction principle, Krasnoselskii's fixed point theorem, Leray-Schauder's nonlinear alternative and Leray-Schauder degree theory some interesting results are obtained. Some examples are presented to illustrate the results.
Introduction
In this article, we investigate the following nonlinear fractional q-difference equation for multi-strip fractional q-integral boundary condition: q-Difference calculus or quantum calculus was initiated by Jackson [] . Basic definitions and properties of quantum calculus can be found in the book [] . The fractional qdifference calculus had its origin in the works by Al-Salam [] and Agarwal [] . For some recent work on the subject, we refer to [-] and the references cited therein.
u(t) = f (t, u(t)), t ∈ (, T), u()
Strip conditions appear in the mathematical modeling of certain real world problems. For motivation, discussion on multi-strip boundary conditions, examples and a consistent bibliography on these problems, we refer to the papers [-] and the references therein. As it is pointed out in [] , the boundary condition in (.) can be interpreted in the sense that a controller at the right-end of the considered interval is influenced by a discrete distribution of finite many nonintersecting strips of arbitrary length expressed in terms of fractional integral boundary conditions. ©2014 Pongarm et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2014/ 1/193 The significance of investigating problem (.) is that the multi-strip fractional q-integral boundary condition is very general and includes many conditions as special cases. In particular, if β i =  for i = , , . . . , m, then the condition of (.) is reduced to the multi-strip q-integral condition as follows:
Moreover, we emphasize that we have different quantum numbers and as far as we know this is new in the literature. The rest of the paper is organized as follows. In Section  we briefly give some basic notations, definitions and lemmas. In Section  we collect some auxiliary results needed in the proofs of our main results. Section  contains the main results concerning existence and uniqueness results for problem (.), which are shown by applying the Banach contraction principle, Krasnoselskii's fixed point theorem, Leray-Schauder's nonlinear alternative and Leray-Schauder degree theory. Some examples are presented in Section  to illustrate the results.
Preliminaries
To make this paper self-contained, below we recall some known facts on fractional qcalculus. The presentation here can be found in, for example, [, ] .
For q ∈ (, ), define
The q-analogue of the power function (a -b)
We also use the notation  (γ ) =  for γ > . The q-gamma function is defined by
The q-derivative of a function h is defined by
and q-derivatives of higher order are given by
The q-integral of a function h defined on the interval [, b] is given by
Similar to derivatives, an operator I k q is given by
The fundamental theorem of calculus applies to these operators D q and I q , i.e.,
and if h is continuous at x = , then
where l is the smallest integer greater than or equal to ν.
is called the q-beta function. 
(.)
Some auxiliary lemmas
Lemma . Let α, β >  and  < q < . Then we have
Proof Using the definitions of q-analogue of power function and q-beta function, we have
The proof is complete.
Proof Taking into account Lemma ., we have
This completes the proof.
For convenience, we set a nonzero constant
is given by
where is defined by (.).
Proof Since  < α ≤ , we take n = . In view of Definition . and Lemma ., the linear q-difference equation (.) can be written as
Using Lemma ., we obtain
Applying the Riemann-Liouville fractional q i -integral of order β i >  with c  =  for (.) and taking into account Lemma ., we have
Repeating the above process with t = η i and using the second condition of (.), we get a constant c  as follows:
Substituting the values of constants c  and c  in the linear solution (.), the desired result in (.) is obtained. For the sake of convenience, we put
Main results Let C = C([, T], R) denote the Banach space of all continuous functions from [, T] to R endowed with the supremum norm defined by
The first existence and uniqueness result is based on the Banach contraction mapping principle.
Theorem . Let f : [, T] × R → R be a continuous function satisfying the assumption
(H  ) there exists a constant L >  such that |f (t, u) -f (t, v)| ≤ L|u -v| for each t ∈ [, T] and u, v ∈ R. If L < , (.)
where a constant is given by (.), then the multi-strip boundary value problem (.) has a unique solution on [, T].
Proof We transform problem (.) into a fixed point problem, u = Au, where the operator A is defined by (.). Applying the Banach contraction mapping principle, we will show that the operator A has a fixed point which is a unique solution of problem (.).
with L satisfying (.), we will show that AB r ⊂ B r , where the set B r = {u ∈ C : u ≤ r}. For any u ∈ B r , and taking into account Lemma ., we have
It follows that AB r ⊂ B r . For u, v ∈ C and for each t ∈ [, T], we have
The above result leads to Au -Av ≤ L u -v . As L < , by (.), therefore A is a contraction. Hence, by the Banach contraction mapping principle, we deduce that A has a fixed point which is the unique solution of problem (.).
Next, we prove the existence of at least one solution by using Krasnoselskii's fixed point theorem. 
Theorem . Assume that f : [, T] × R → R is a continuous function satisfying assumption (H  ). In addition, we suppose that
.
If the following condition holds
L q (α + ) T α- | | + T α < , (.)
then the multi-strip boundary value problem (.) has at least one solution on [, T]. Proof We define sup t∈[,T] |ψ(t)| = ψ and choose a suitable constant R such that
where is defined by (.). Furthermore, we define the operators A  and
It should be noticed that
For any u, v ∈ B R , we have Finally, we will show that A  is compact and continuous. The continuity of f coupled with assumption (H  ) implies that the operator A  is continuous and uniformly bounded on B R . We define
Actually, as |t  -t  | →  the right-hand side of the above inequality tends to zero independently of u. So A  is relatively compact on B R . Therefore, by the Arzelá-Ascoli theorem, A  is compact on B R . Thus all the assumptions of Lemma . are satisfied. Thus, the boundary value problem (.) has at least one solution on [, T]. The proof is complete.
Remark . In the above theorem we can interchange the roles of the operators A  and A  to obtain the second result replacing (.) by the following condition:
Now, our third existence result is based on Leray-Schauder's nonlinear alternative.
Lemma . (Nonlinear alternative for single-valued maps []) Let E be a Banach space, C be a closed, convex subset of E, U be an open subset of C and  ∈ U. Suppose that F : U → C is a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either (i) F has a fixed point in U, or
(ii) there is u ∈ ∂U (the boundary of U in C) and λ ∈ (, ) with u = λF(u).
Theorem . Assume that f : [, T] × R → R is a continuous function. In addition we suppose that: (H  ) there exist a continuous nondecreasing function φ : [, ∞) → (, ∞) and a function p ∈ C([, T], R
where is defined by (.).
Then the multi-strip boundary value problem (.) has at least one solution on [, T].
Proof Firstly, we will show that the operator A defined by (.) maps bounded sets (balls) into bounded sets in C. For a positive number ρ, let B ρ = {u ∈ C : u ≤ ρ} be a bounded ball in C. Then, for t ∈ [, T], we have
Therefore, we deduce that Au ≤ K .
Secondly, we will show that A maps bounded sets into equicontinuous sets of C. Let
Obviously, the right-hand side of the above inequality tends to zero independently of x ∈ B ρ as τ  → τ  . Therefore it follows by the Arzelá-Ascoli theorem that A : C → C is completely continuous. Let u be a solution of problem (.). Then, for t ∈ [, T], and following similar computations as in the first step with (H  ), we have
Consequently, we have
In view of (H  ), there exists a constant N >  such that u = N . Let us set
Note that the operator A : U → C is continuous and completely continuous. From the choice of U, there is no u ∈ ∂U such that u = λAu for some λ ∈ (, ). Consequently, by nonlinear alternative of Leray-Schauder type (Lemma .), we deduce that A has a fixed point in U, which is a solution of the boundary value problem (.). This completes the proof.
As the forth result, we prove the existence of solutions of (.) by using Leray-Schauder degree theory. 
Proof Let A be the operator defined by (.). We will prove that there exists at least one solution u ∈ C of the operator equation u = Au. Setting a ball B ρ * ⊂ C, where a constant radius ρ * > , by
it is sufficient to show that A : B ρ * → C satisfies
As shown in Theorem ., we have that the operator A is continuous, uniformly bounded and equicontinuous. Then, by the Arzelá-Ascoli theorem, a continuous map h θ (u) = u -H(θ, u) = u -θAu is completely continuous. If (.) holds, then the following LeraySchauder degrees are well defined. From the homotopy invariance of topological degree, it follows that
where I denotes the unit operator. By the nonzero property of Leray-Schauder degree, we have h  (u) = u -Au =  for at least one u ∈ B ρ * . Let us assume that u = θAu for some
Taking norm sup t∈ [,T] |u(t)| = u and solving for u , we get
Choosing ρ * = -ω + , then we deduce that (.) holds. This completes the proof. http://www.advancesindifferenceequations.com/content/2014/1/193
Examples
In this section, we present some examples to illustrate our results.
Example . Consider the following multi-strip fractional q-integral boundary value problem:
is satisfied with L = /. Using the Maple program, we find that
Therefore, we get
Hence, by Theorem ., the boundary value problem (.) has a unique solution on [, ].
Example . Consider the following multi-strip fractional q-integral boundary value problem: 
